The role of the effective momentum approximation to disentangle Coulomb distortion effects in quasielastic (e, e ′ ) reactions is investigated. The separation of the cross section in longitudinal and transverse components is discussed including higher order DWBA corrections due to the focusing of the electron waves. The experimental studies performed, in the last few years, making use of different approximate treatments are shown to be sometime inconsistent. As a consequence some of the longitudinal and transverse responses, extracted from the inclusive cross sections cannot be considered reliable. A separation procedure based on the effective momentum approximation is discussed in connection with the recent experimental data on electron/positron quasielastic scattering on 12 C and 208 Pb.
I. INTRODUCTION
The quasielastic electron scattering off nuclei has represented, in the last 20 years, one of the most successful tools to study nuclear and nucleon structure properties. Both inclusive (e, e ′ ) and exclusive (single arm (e, e ′ , N ) or double arm (e, e ′ , N , N )) contributed to a deeper understanding of the many-body structure of strongly interacting systems like light and heavier nuclei opening the possibility of investigating also the in medium nucleon properties.
In particular the quenching of the longitudinal strength in inclusive reactions [1] has been related to partial restoration of chiral symmetry in nuclei [2] combined with effects due to many-body short-range correlations in dense matter [3] . Similar results have been recently obtained within a relativistic RPA approach taking into account the in medium modifications of the nucleon structure as described by a quark-meson coupling model [4] .
However the experimental studies of inclusive and exclusive reactions induced by electrons have an intrinsic limitation in the case of target nuclei with a large number of protons.
The strong Coulomb field induces a distortion of the wave front which modifies the structure of the (e, e ′ ) cross section and induces sizable effects in the longitudinal/transverse separation of the electromagnetic responses [5] [6] [7] [8] .
The theoretical framework to investigate Coulomb corrections to the electron-nucleus cross sections is well established [5] and is called Distorted Wave Born Approximation
The aim of the present work is to demonstrate that an Effective Momentum Approximation (EMA) can be defined and used, even in heavier nuclei, to disentangle Coulomb corrections from the experimental cross section once the effective value of the Colomb interaction between the electron and the nucleus is experimentally determined. Focusing corrections are automatically included at the lowest order of the EMA and higher order corrections can be estimated both theoretically and experimentally.
In section II the concept of effective momentum transfer is reviewed emphasizing how the Mott cross section can be factorized out in quasielastic scattering. In section III higher order corrections are investigated and the mean value of the Coulomb interaction discussed in view of recent experimental results. Numerical approaches are discussed in section IV and the experimental analysis of (e, e ′ ) quasielastic data revised in section V. Conclusions are drawn in section VI.
II. THE EFFECTIVE MOMENTUM TRANSFER
Since the (e, e ′ ) DWBA cross section does not assume a separable form, longitudinal and transverse components can be extracted, in heavy nuclei, only approximately and with the help of theoretical assumptions. The milestones of this path have been indicated by several authors in the past and I would like to follow their main arguments to demonstrate that the They defined the effective momentum transfer in their eq.(2.10)
where q = k i − k f is the kinematical momentum transfer as measured in the laboratory frame where the initial (final) electron momentum k i (k f ) is determined.V C represents the Coulomb interaction energy between the electron and the target nucleus so that its effective momentum in the vicinity of the nucleus becomes:
the energies of the incoming and outgoing electrons as measured in the lab frame and whose masses are neglected in the high-energy limit).
The DWBA cross section as calculated in ref. [9] (eq.(2.11)) is found "identical to the cross section in Born Approximation, except for the displacement
By means of a Taylor expansion the Coulomb interaction energyV C is approximated by V C (0), i.e. the energy at the center of the nucleus (V C (0) = −3/2 Ze 2 /R for a hard sphere model of the nucleus with charge Ze and radius R).
The conclusions of Czyż and Gottfried are questionable as well as their definition of EMA. In particular one can notice that the displacement (2) implies a modification of the Mott cross section
as can be seen from their eq.(2.11). This is an artifact originating from the form of the eikonal approximation assumed by Czyż and Gottfried as will be discussed in the next section II B 2.
B. High-Energy analytical solutions
The approach of Yennie, Boos and Ravenhall
Yennie, Boos and Ravenhall [10] derived a three-dimensional approximation to highenergy electron scattering on nuclei extracting an analytical expression valid in the vicinity of the nucleus. The method employed an asymptotic expansion in inverse powers of qR; the electron wave function does not keep the plane wave form and both amplitude and phase contain several contributions. In particular current conservation introduces a factor k eff /k which modifies the electron wave functions at lowest order, an effect not considered by Czyż and Gottfried and which has deep consequences on the modifications of the cross section as I am going to illustrate.
The synthesis of Rosenfelder and the Mott cross section
Rosenfelder [11] , in his comprehensive paper on quasielastic electron scattering, discussed also Coulomb corrections making use of a high-energy electron wave function [12] based on the formulation due to Yennie et al.. Referring to their own work [12] , he wrote that "for high-energy electrons the distorted wave can be approximated by
whereV C is a mean value of the electrostatic potential of the nucleus (V C ≈ −3 Zα/2 R with R = (5/3) 1/3 r 2 1/2 for a nucleus with charge Z and rms-radius r 2 1/2 ). The net effect is the replacement q → q eff as argument in the structure functions. Note that the amplitude factor |k eff |/|k| makes sure that the Mott cross section remains unchanged.
The synthesis proposed by Rosenfelder has many practical consequences, namely:
i) the leading form of the electron wave function (4) incorporates, in addition to the effective momentum, the change in amplitude due to the focusing of the wave front also discussed by
Yennie et al.;
ii) both incoming and outgoing leading focusing corrections to the electron wave functions concur to preserve the Mott cross section in its classical form. In fact the two terms 
where
is the usual matrix element of the transition current [13] for free electrons with momenta
On the contrary the Effective Momentum Approximation procedure proposed by Czyż and Gottfried would imply a modification of the Mott cross section which must be further compensated by considering the renormalization of the incoming and outgoing electron flux before comparing theory with data. The emphasis I am giving to this point is not academic; the confusion on that specific aspect is at the origin of incorrect experimental analysis as I will discuss in section V C;
iii) Rosenfelder mentions, as interaction energy to be used in the definition of the effective electron momentum and energy, a mean value of the Coulomb potential; a choice which differs from the popular assumption of the value at the origin V C (0) (a formal mathematical consequence of the expansion of the wave function). The practical value he assumes is again the central value of an hard sphere model (cf. his discussion after eq. (4)), but the intuition is basically correct and I will discuss this aspect again in section III C.
III. DWBA CROSS SECTION A. Higher Order effects
The contribution we gave to the problem of finding an approximate expression for the DWBA cross section is strongly based on the path summarized in the previous points. The step forward made is the inclusion of the relevant additional focusing terms beyond the simple leading factors |k i,f,eff |/|k i,f | of eq. (4), terms which modify the phase of the electron waves as discussed by Yennie et al. [10] and Lenz and Rosenfelder [12] (cf. sections II B 1 and II B 2). Generalizing a method proposed by Knoll [14] for the investigation of the transition form factors to discrete states, the analytic solution of ref. [12] has been used to expand the DWBA matrix elements in terms of the Born solution and its derivative with respect the momentum transfer and applied to exclusive (e, e ′ , p) as well as inclusive (e, e ′ ) quasielastic scattering [7, 8] . The approach has been developed up to second order in Zα and leads to an approximated but transparent way of writing the DWBA (e, e ′ ) cross section, namely:
Equation (7) is, as a matter of fact, close to the Rosenfelder's conclusions because σ Mott assumes its classical form (cf. eq. (5)) and the effective momentum transfer q eff replaces the kinematical momentum q as argument in the structure functions. However additional modifications appear and they are embodied in the terms ∆ L , ∆ T and in a LongitudinalTransverse interference contribution S int (q eff , ω, E i,eff ). All these terms derive from higher order focusing contributions in the high-energy expansion of the electron waves and prevent the separability of the DWBA cross section. The size of their contribution is crucial to understand the limit of the PWBA approximation and the role of the effective momentum transfer.
A detailed calculation performed in a simple model of quasielastic scattering [15] , suggests that the interference contribution S int is negligible in the whole kinematical range of interest also for nuclei as large as 208 Pb ( < ∼ 0.01% with respect to S L and S T ) and also the contributions ∆ L and ∆ T are rather small (remaining within 0.5% in the quasielastic peak region and reaching 2 -4% for the high-ω region and forward angles or for low-ω and backwards angles). These small deviations can play some minor role in the longitudinal transverse separation of the cross section and for a discussion I refer the reader to the papers of ref. [15] . Of course the estimation of the absolute values of ∆ L , ∆ T and S int are model dependent and they can differ for more sophisticated models of (e, e ′ ) reactions. However the relative sizes are much more independent and the conclusion on their tiny contributions can be considered reliable.
B. EMA: the result of an asymptotic expansion
The marginal role of higher order corrections reduces the cross section (7) to a simplified and separable form valid (in particular) for medium-weight nuclei:
I will call the approximation (8) Effective Momentum Approximation (EMA) in analogy with my previous works [8, 15] . However let me stress that the explicit form of the electron wave function responsible for the reduction (8) contains also the flux renormalization factors of eq.(4) in order to preserve current conservation, a factor which also preserves the classical form of the Mott cross section (cf. eq. (5)). Another interesting point must be kept in mind:
the expansion which produces the analytical result (7) is an asymptotic expansion. The effective momentum transfer q eff has to be chosen close to the "real" momentum transfer (which differs from the kinematical momentum q = k i − k f as measured in the laboratory)
in such a way that the transition matrix elements of the nuclear current become smooth functions in the neighbourhood of r = 0 and the coefficients of the expansion tend soon to zero [14] . Since the effective momentum is a phenomenological quantity, its value has to be deduced from experimental evidences and eventually justified, from a theoretical point of view, onlyá posteriori. That is why most of the authors followed the mathematical guide, due to the expansion around r = 0, by choosing V C (0) as correction terms in the definitions (1) and (4). The way to know the "real" momentum transfer in quasielastic scattering off heavy nuclei is to measure it so that eq.(8) assumes all its relevance only after the experimental determination ofV C .
C. The effective momentum from experiments
Guèye et al. reported on a dedicated experiment [16] performed at the Saclay linear accelerator and recently published [17] . Inclusive quasielastic (e, e ′ ) cross sections on 12 C and 208 Pb have been measured using electron and positron beams in order to investigate charge dependent Coulomb corrections. Guèye et al. have been able to measure both the lowest order correction (determining the Coulomb interaction energyV C ) and higher order effects.
These last contributions turn out to be quite small (∼ 3%) once the effective kinematics is extracted from the data and the EMA of eq.(8) used to determine the total response. At the same time the experiment shows that the Coulomb potential energy related to the effective kinematics is quite close to the averagē
an observation which definitely substantiates the mean value idea proposed by Rosenfelder ii) the information on the "real" value of the momentum transfer or, equivalently, of the average Coulomb interaction energy, validates eq. (8) as the approximated separable form of the (e, e ′ ) cross section for medium-weight and heavy nuclei as long as few percent residual effects (due to higher order focusing effects) can be neglected.
IV. COULOMB CORRECTIONS: THE NUMERICAL APPROACH
A rigorous treatment of Coulomb distortion can be performed by means of a direct numerical calculation of the DWBA matrix elements of the nuclear current.
A. The DWBA calculation of Co' and Heisenberg
The first complete numerical attempt for quasielastic scattering is due to Co' and Heisenberg [6] and they conclude that the separability of the cross section is definitely lost in However the contribution of Co' and Heisenberg remains fundamental. The conclusion that the Rosenbluth plot of the DWBA appears to be linear despite the non separability of the cross section is illuminating. At that time such information was known [7] , but within an approach including terms up to (Zα) 2 only and not for a complete DWBA calculation.
The fact that the usual Rosenbluth plot of a complete DWBA calculation shows a rather close linearity [6] [7] [8] demonstrates that experimental evidence of linearity is not a sufficient Interference contributions like those included in eq. (7), are simply not considered 1 .
Moreover the structure functions, which depend, to a good approximation, on the effective momentum and energy transfer only, (cf. eq. (8) ; ii) the local effective momentum transfer is assumed along the kinematical momentum transfer, a choice valid for elastic scattering only. More precisely, the inelastic effective momentum of eq.(1) can be written 
V. ANALYSIS OF THE EXPERIMENTAL DATA
Some of the experimental data on quasielastic electron scattering for medium weight and heavy nuclei have been analyzed including Coulomb distortion effects. In particular the
Bates experiment on 238 U [19] , the Saclay data on 208 Pb [20] , the reanalysis of Jourdan [21] , and the 40 Ca experiment at Bates [22] . In this section I will summarize the situation to ask for new analysis which include Coulomb effects in a more consistent and/or more reliable way.
A. Bates data on 238 U
The first attempt of obtaining quasielastic (e, e ′ ) data on an heavy nucleus dates back to an experiment performed at Bates on 238 U [19] . The data have been analyed by means of an effective momentum transfer. However the approximation adopted was just a generalization of the scheme known for elastic scattering and the effective momentum was chosen to be along the kinematical momentum transfer, a choice valid for elastic scattering only as discussed already in section IV B (cf. eq. (10)).
Also focusing corrections were included by adapting a phase shift code used for elastic scattering. The details of the procedure are discussed neither in the article nor in the PhD thesis of Blatchley. The approach, however, has the merit of a first attempt even if manifestly insufficient for a complete analysis.
B. Saclay data on 208 Pb
The Saclay data on 208 Pb [20] have been analyzed including the quasielastic effective momentum and higher order corrections systematically. In particular the EMA in the form given by eq. (8) is used, for the first time, as leading order approximation to disentangle Coulomb corrections. Higher order effects are also discussed and included within the approximations of ref. [8] . These approximations are, however, too severe to give a quantitative account of higher order contributions and a more rigorous treatment of the transition matrix elements shows [15] The manifest inconsistent treatment of Coulomb distortions influences the conclusions of the analysis of refs. [21, 22] ; a reanalysis would be welcome.
VI. FINAL REMARKS AND CONCLUSION
The structure of the DWBA cross section can be reduced (up to order (Zα)
2 ) to the form (7). The contributions ∆ L,T and S int are due to higher order focusing effects of the electron waves in the proximity of the nucleus, in particular to its phase deformation. On the contrary the renormalization of the electron waves due to current conservation is a leading order effect and can be incorporated in a simple form (the expression (8)) known as Effective Momentum Approximation (EMA) where only higher order effects are neglected.
The fact that in eq.(8) the Mott cross section keeps its classical expression is just a byproduct of current conservation. The Effective Momentum Approximation is a good scheme to interpret inclusive data as experimentally verified in the recent analysis of electron and positron quasielastic scattering [17] and theoretically predicted in a series of papers [8, 15] .
Quasielastic data should be reanalyzed within such scheme in a consistent way to include those Coulomb distortion effects which give sizable contributions in the separation of the cross section in longitudinal and transverse components. The recent application [21, 22] of more complete numerical DWBA results [18] shows a clear inconsistency and the data on longitudinal/transverse structure functions cannot be considered reliable, a remark con- 
